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· INTRODUCTION , __ ·, .,· __  
I I •' ,,: . - •.• ' • I -' 
..... •, 
I,·-·-· , ,, 
.• 
' -_ al' •.• ,.1 
. . ~ -... . ' ..... . 
. ' 
. · .. , .. , 
•. {-.._"":_:_· 
~J'.tlJ r 
· The foll·owing paper is an introduction· to11 the theory·· 
.. - .... . ·~: .• 
• ' \. • . ' • ' • ~,1,. • ~ ' • • • • 
,• ·. ·. ·~~:.f' normed funeticn-w. ~pa.cesS) with special attention given t:o 
' ~ 
.. , ..... ,.----· ..,.,_. \ 
_.;;-
two specific e_xamp~~s-i~v~stigated by w.-A. J.··Luxemberg· 
·' 
. and A. · c. Zaanen [ 9 l' n,amely. The 0author has· attempted to 
-- J 
' ;1,' . make the .. subject a.s- .consistent as possible, since there· 
.- ,..,. . 
· ex-ists some diversity in the definitions of identical 
I 
" 
, .. ' •' 
entities. We have assumed only a knowledge of elementary 
0 
. · measure theory as found in R9yden • s Re?l Analysis [ 12]. 
Eve~ything sta-.ted has been proved·· with tne exception of 
. I 
.. .,, 
: ~' . ; ._ 
. ' 
. - r: ... 
·--···- ., ····;····-··" ,.:...: ... ;_,-..,-~·": _J.-:--- .. ·.---: _;., ··-.-:·::-:- ,- .... ~-
two theorems-whose proof.would considerably lengthen ~he 
paper an,d require a back~round that we ·nave not assumed . 
or developed in this paper. 
: ' . \ 
. ·,.tit·· ' ! ·. j ,.: . 
_.JI. ... 
J:: 
~- . ~ . ( ~ ,. 
~.. ·. . 
, i .. . ·. ~ '' . '•, 
•\ The general approac·h' µ_s~d was to begin with an intro-. -
·-··v 
' -
. . . -
~ 
· _--duction to .norm.cad function spaces by employing fur.ict.!on 
. . - ____ ,, _________ ,_...__.. __ .. 
.. ,!. ,~," . '{' • ~ 
• 
norms.. ~ Some of their ,s~ne~al. properties are discussed 
'1~=V" 
·~ ... _ .... 
• I 
- · · c1nd then applied to_ the specific cases we mentioned. 
. ~ 
' 1· -.·-
/ 
•.,!, 
- ·, ' :, .i . 
' '-···"' 
\ 
'·.: 
. . ·- ~ 
:£bese examples are further examined. for th~ir individual 
' 
pecuiiaritieso N~xt an abstract foundation· i~ <developed .. 
-using the the@rc.y @f Riesz spaces, and some· gsneral results-
here applied ~o the examples. Actually, the histo1:ic~l . ·-. ·· 
development ·began with special cases which· were later 
.. 
generalized. ~ ' - ' . 
. . I 
·'Banach spaces Whose elements consist of measurable .. 
' . 
functions f (x) on a point set are qul 1:e rec:;~n~,. The ; .... _ ' 
~- . . 
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. I ... -·_, ·t . . 
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·, .· ·' , 
? .~ '. \' ~ -- ' \ ' . 
:_z-~:=--- ---·---~~~:~~~~~ ·~~~~6~~?~-~~~~~Y~~~~Js~~~~7W~~;;~/~7~m~~~v~s~~~~~ ~.·· 
,. . . ~- •,• 
, . .:!-
I; 
~. : 
.\ 
1 l . 
'· 
. ; 
l 
' 
' i 
. 
f 
' ( { 
! 
. ! 
' 
' 'j. 
,,, . 
. , 
' -.- . • . ,· ... 't--
. . ' 
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' ,.~ 
. •, - .. ,, --·· 
,. . : : --~' 
.· I, - '. 
, .. '. 
_ .. _:,,.,,· .. · 
' ,,1 . 
' . . : . 
- . . ; 
earliest. work· -iri' the early· 1950• s_ originate4 in'.· papers. _ '' ·---.~ ' ' . -- ~-..,.~ ... ·• . . · .. .1-
.. ';,• . \ 
•-·· -- - , 
:.-;'_'' ~ by Go Go Lorentz.· [5]: and 1 0 · Ha.lperin · [21 0 . Lorentz intro~ 
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where f*(x) is a non-decreasing rearrangement .. of f(x). -
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2.1. Definition., The mapping ·p: · M+ -+ R is said to be a 
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. function semino11m if ... p ·_has the following properti~s: 
- l • . . --~·di+i, . 
i. · 0 ~ p(f) ~ 00 for all fe:~ · 
, ii. p(f1+f2) ~ p(f1) + p(f2) for ,all f 1, f2 £~ 
iii. · P (a.f) -= ap·(f) · for all finite c·onstant.s 
a·'~ 0 and fe:~ -1, 
. I ··' 
iv • . if f 19 f2 6:' ~. and £1 ~· f2 a.e. 
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then 
/ p(f1) ~ p(f2) 
v. f{x) = 0 a.e. implies p(f) = 0 
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By changing 2.1 v. to" if and· only if, we obt.ain: 
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function norm if p. has p~operties 2. i i,iv. and 
f(x) = 0 a.e. if and on~y if p(f) = O. 
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insure the existence of sets having me·asure equal,. to 
one. Defining ·pE· = JE If ldJ.l Where µ(E-r) = 1, we· 
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CHAPTER VI 
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In . this· chapte·r·· we -v,ill begin · by· discussing some 
·. general. concepts and then reducing them. to· our specific· 
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examples. 
- :':::~ . F. Riesz. 
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